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S u m m a r y .  A g e n e r a l  e x p r e s s i o n  fo r  g e n e  n u m b e r  e s t i m a t i o n  which  e n c o m p a s s e s  t he  c o n v e n t i o n a l  f o r m u l a  was  
d e r i v e d .  It p r o v i d e s  a b a s i s  fo r  g e n e  n u m b e r  e s t i m a t i o n  f r o m  the  da ta  of  r e c u r r e n t  s e l e c t i o n  e x p e r i m e n t s  that  
a r e  not  of  s u f f i c i e n t  d u r a t i o n  to m e a s u r e  to ta l  r e s p o n s e  to s e l e c t i o n .  

G e n e  n u m b e r  e s t i m a t e s  a r e  c o n s i d e r a b l y  m o r e  r e l i a b l e  when h e r i t a b i l i t y  i s  h igh .  The e f f e c t  of  h e r i t a b i l i t y  
on s a m p l i n g  v a r i a n c e  is  p a r t i c u l a r l y  i m p o r t a n t  when g e n e  n u m b e r  i s  l a r g e .  

G e n e r a l l y  t he  m o s t  e f f e c t i v e  ways  of  d e c r e a s i n g  the  v a r i a n c e  of  a g e n e  n u m b e r  e s t i m a t e  wil l  be  1) to i n -  
c r e a s e  the  n u m b e r  of  g e n e r a t i o n s  in a p r i m a r y  s e l e c t i o n  p r o g r a m ,  2) to i n c r e a s e  t he  n u m b e r  of  g e n e r a t i o n s  
in t he  two way s e l e c t i o n  p r o g r a m  and 3) to i n c r e a s e  popu l a t i on  s i z e .  

Key  w o r d s :  G e n e  N u m b e r  - E s t i m a t i o n  of  G e n e  N u m b e r  - V a r i a n c e  of  the  E s t i m a t i o n  of  G e n e  N u m b e r  

Introduction 

The n u m b e r  of  g e n e s  i n v o l v e d  in the  i n h e r i t a n c e  of  

q u a n t i t a t i v e  c h a r a c t e r s  i n f l u e n c e s  t he  l i m i t s  of  p r o -  

g r e s s  f r o m  r e c u r r e n t  s e l e c t i o n .  F a l c o n e r  (1960)  

s t a t e d  tha t ,  wi th  a g i v e n  a m o u n t  of  in i t i a l  v a r i a t i o n ,  

a s m a l l  n u m b e r  of  g e n e s  wi l l  p r o d u c e  l e s s  r e s p o n s e  

than  a l a r g e  n u m b e r  and if  a g i v e n  a m o u n t  of  v a r i a -  

t ion  i s  p r o d u c e d  by few g e n e s  t h e i r  e f f e c t s  a r e  g r e a t -  

e r  than  if  m a n y  g e n e s  w e r e  i n v o l v e d .  

G e n e  n u m b e r  e s t i m a t e s  m u s t  be  o b t a i n e d  i n d i r e c t -  

ly  s i n c e  the  g e n e s  a f f e c t i n g  a q u a n t i t a t i v e  c h a r a c t e r  

canno t  be  o b s e r v e d  d i r e c t l y .  M e t h o d s  u s e d  i n c l u d e d  

1) the  i d e n t i f i c a t i o n  of g e n e t i c  e f f e c t s  r e l a t e d  to s p e -  

c i f i c  s e g m e n t s  of  c h r o m o s o m e s  (Thoday and B o a m  

1959 ; Thoday  1961 ; S p e i c k e t t  and Thoday 1966 ; R o -  

b e r t s c n  1967) ,  2) c o m p a r i s o n  of  t h e o r e t i c a l  and o b -  

s e r v e d  d i s t r i b u t i o n s  when s i m u l t a n e o u s l y  c o n s i d e r -  

* F r o m  a t h e s i s  s u b m i t t e d  by the  a u t h o r  in p a r t i a l  
f u l f i l l m e n t  of  the  r e q u i r e m e n t s  fo r  the  P h . D .  d e -  
g r e e .  R e c e i v e d  M a r c h ,  1975. Work  s u p p o r t e d  by 
P u b l i c  H e a l t h  S e r v i c e  G r a n t  GM 16074, by the  M i n -  
n e s o t a  A g r i c u l t u r a l  E x p e r i m e n t  S t a t i on  and by N a -  
t i ona l  I n s t i t u t e s  of  E n v i r o n m e n t a l  H e a l t h  S c i e n c e s  
G r a n t  No .  5T32 E S 0 7 0 1 1 - 0 2 .  

** F o r m e r  R e s e a r c h  A s s i s t a n t ,  G e n e t i c s  and Ce l l  
B i o l o g y ,  U n i v e r s i t y  of  M i n n e s o t a ;  C u r r e n t l y  P o s t -  
d o c t o r a l  F e l l o w  in E n v i r o n m e n t a l  H e a l t h  M e a s u r e -  
meri t  and S t a t i s t i c s .  

ing d i f f e r e n t  g e n e r a t i o n s ,  e . g . ,  p u r e  l i n e  p a r e n t s ,  

F1,  F 2 and b a c k c r o s s e s  ( P o w e r s  1934, 1963;  G a t e s  

1963) ,  and 3) i n f e r e n c e  f r o m  p h e n o t y p i c  m e a n s  and 

g e n e t i c  v a r i a n c e s  u s i n g  m a t e r i a l s  in which  the  p h e n -  

o t y p i c  m e a n s  p r o v i d e  i n f o r m a t i o n  c o n c e r n i n g  g e n e t i c  

e x t r e m e s  ( C a s t l e  1921;  Wr igh t  1934, 1952, 1968; 

F a l c o n e r  1960;  R o b e r t s  1966 ; Hi l l  and R o b e r t s o n  

1966; C o m s t o e k  1969;  M a t h e r  and J i n k s  1971) .  The 

l a s t  m e t h o d  u s u a l l y  i n v o l v e s  long  t e r m  s e l e c t i o n  e x -  

p e r i m e n t s  o r  p u r e  l i n e s  wi th  g e n e t i c  e x t r e m e s  and 

F 1 and F 2 f r o m  the  p u r e  l i n e s .  E s t i m a t e s  by t h i s  

m e t h o d  a r e  r a r e l y  a v a i l a b l e  fo r  e c o n o m i c  s p e c i e s  

b e c a u s e  of  the  g e n e t i c  e x t r e m e s  and t h e  long  g e n e r -  

a t ion  i n t e r v a l s .  

We e s t i m a t e  g e n e  n u m b e r  f r o m  r e c u r r e n t  s e l e c -  

t ion  e x p e r i m e n t s  in a popu l a t i on  o b t a i n e d  by c r o s s -  

lug any p a i r  of  i n b r e d  l i n e s .  The p r o p o s e d  e s t i m a t i o n  

p r o c e d u r e  d o e s  not  r e q u i r e  tha t  to ta l  r e s p o n s e  to s e -  

l e c t i o n  be  d e t e r m i n e d .  The v a r i a n c e  of  t he  e s t i m a t e  

i s  d e r i v e d  and f a c t o r s  a f f e c t i n g  i t s  s i z e  a r e  d i s c u s s e d .  

A B a s i s  fo r  G e n e  N u m b e r  E s t i m a t i o n  When G e n e  

E f f e c t s  A r e  E q u a l  and A d d i t i v e  

When t h e r e  i s  no e p i s t a s i s  and l i n k a g e  d i s e q u i l i b r i u m ,  

t he  a v e r a g e  c o n t r i b u t i o n  of  g e n o t y p e s  f r o m  a l l  s e g r e -  

l o c i  (y )  and the  a d d i t i v e  g e n e t i c  v a r i a n c e  ( 2 )  g a t i n g  
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a r e  (Comstock  and Robinson 1948) : 

n n 

= ~ ,  ( 2 q i -  1)Ui+ ~ 2 q i ( 1 -  q i )a iu i  
i=1 i=1 

n 

ag2 = ~ 2 q i ( 1 - q i ) [ 1  + (1 - 2q i )a i J2ui  2 

i=1 

where  qi is  the f requency  of a f avorab le  a l l e l e  at the 

ith locus ,  u. is onehalf  the d i f f e rence  in effect  be -  
1 

tween the two homozygo tes ,  a. is  a m e a s u r e  of dom-  

inance at the it_hh locus  and n is  the n u m b e r  of s e g r e -  

gating loc i .  Cons ide r ing  the spec ia l  s i tuat ion in which 

t h e r e  is  no dominance ,  all u ' s  a r e  equal ,  and all  

q ' s  a r e  equal ,  the two quant i t ies  r educe  to:  

= n (2q  - 1)u and 

2 2q(1 q)u  2 a = n - . 
g 

Taking d e r i v a t i v e s  and r emov ing  q: 

n =  - y  dy 
da 2 

g 

In tegra t ing  the d i f fe ren t ia l  equat ion 

2 Yc agc 

f ndag: f - y d y  

2 ~b 
agb 

r e su l t s  in a d i f f e rence  equat ion 

-2 -2 
V.,c - Yb . . . . . . . . . . . . .  (1) 

n 

2(a b- 

where  b and c ident i fy any two gene ra t i ons  in a r e -  

c u r r e n t  s e l ec t i on  p r o g r a m  with c > b, 

When qb = 0 .5 ,  and qe = 1.0 o r  0 .0 ,  the above 

fo rmu la  r educes  : 

R 2 
n= 2 ' 

2~ 
go 

where  R r e p r e s e n t s  the max imum r e s p o n s e  a t t a in -  

ab le  by s e l ec t i on  upward (o r  downward)  and a 2 r e -  
go 

p r e s e n t s  the ini t ial  addi t ive  genet ic  v a r i a n c e  when 

gene f requency  is  0 . 5  at all  s e g r e g a t i n g  l o c i s .  This 

i s  the fo rmula  d e s c r i b e d  by Comstock  (1969) .  When 

D r e p r e s e n t s  the range  of va lues  between e x t r e m e s  

of up and down l ines  in a s e l ec t ion  e x p e r i m e n t ,  one 

half  of D is equivalent  to R. Hence 

(D/2)  2 

2a 2 
go 

D 2 

8 a 2  ' 
go 

which is the fo rm u la  d e s c r i b e d  by F a l c o n e r  (1960) .  

Since  D is  equivalent  to the d i f f e rence  between the 

e x t r e m e  plus and minus types  and v 2 can be e s t i -  
�9 g~ 2 mated by 2 2 2 - a 2, ana ~ F 2 - a E  the 

~F2 - a F l '  aF2 r 

above fo rm u la  can be e x p r e s s e d  as fol lows:  

D 2 
n= 2 2 

8 (aF2  - a F 1 )  

(Cas t l e  1921), 

D 2 

2 2 
8 (aF2  - ap) 

(Wright  1934), o r  

D 2 

8( 2 _~) 
~ 2 

(Wright  1968), 

2 a~ ~ and a 2 r e p r e s e n t  the total  v a r i a n c e s  where  a F 2'  1 p 

among individuals  in F 2, F 1 and the paren ta l  s t r a i n s  
2 

r e s p e c t i v e l y ,  a E ~s the v a r i a n c e  among individuals  

due to env i ronmenta l  e f fec t s .  ' 

Equat ion (1) can be cons ide r ed  as a genera l  fo rm 

which e n c o m p a s s e s  the fo rmula  d e s c r i b e d  by Cas t l e  

(1921),  Comstock  (1969),  F a l c o n e r  (1960),  Wright 

(1934, 1952, 1 9 6 8 ) e t c .  

Va r i ance  of the Gene Number  E s t i m a t e  

Va r i ance  of a quantity (Z)  that is  a function of two 

random v a r i a b l e s  (U, V) is  app rox ima te ly  (Johnson 

and Kotz 1969) : 

(2) 
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The e s t i m a t e  of  gene  n u m b e r  f r o m  e q u a t i o n  ( i )  c an  

be  c o n s i d e r e d  a s  a func t ion  of  two v a r i a b l e s  

U n=~v, 

w h e r e  U= ~2_~2 and 

2:(i)2 
o'~. ~ "  [ G 2 o ~  + X2G& + 2 X G o ~ ' I  + 

2 

The r e a l  v a l u e s  of  U, V,  G,  X,  S and Q g iven  the  

a s s u m p t i o n s  b a s i c  to e q u a t i o n  (1)  wi l l  be  

2 2 
V = Og b - Og c . 

-2  -2  
U :. v c - Yb 

Using  the p a r t i a l  d e r i v a t i v e s  in e q u a t i o n  ( 2 ) ,  : 4n2u2(qc  - q b ) ( q c  + qb - 1) ,  

~  -gg ~  + q ? -  ~  . . . . .  , 
(3) 

^ 

where indicates an estimate. 

In practice Y = ~2 _ ~b 2 = (Yc + Yb ) (Ye - Yb ) from 

one way selection. The primary selection program 

can be upward or downward. Let U : XG where 

X = ~Jc + Yb and G = Yc - Yb" App ly ing  the  p a r t i a l  

d e r i v a t i v e s  to e q u a t i o n  (2)  o n c e  m o r e  we ob t a in  

2 : G 2 ~ X 2 2 G0 ~ + ~ + 2XGo:~ d . . . . . . . .  
(4)  

V i s  the  d i f f e r e n c e  of  t he  a d d i t i v e  g e n e t i c  v a r i -  

a n c e s  b e t w e e n  the  two g e n e r a t i o n s  b and c .  The m o s t  

e f f i c i e n t  m e t h o d  of  e s t i m a t i n g  the  a d d i t i v e  g e n e t i c  

v a r i a n c e  i s  by the  p r o d u c t  of  the  r e a l i z e d  h e r i t a b i l i t y  

and the  p h e n o t y p i c  v a r i a n c e  e s t i m a t e s  (Hi l l  1972) .  

A s s u m i n g  the  pheno typ i c  v a r i a n c e  wi l l  be  the  s a m e  

in g e n e r a t i o n s  b and c ,  we can  w r i t e  

V = (R b- Rc)O 2 , 

w h e r e  R i s  t he  r e a l i z e d  h e r i t a b i l i t y  and 2 i s  the  
P 

p h e n o t y p i c  v a r i a n c e .  Let  

S = R b - Rc  and 

2 2 
V : Og b - Og c 

n 2 u 2 ( q  c - qb)(qc + q b -  1 ) ,  

x = :~e + Yb 

= 2nU(qc + qb - 1) ,  

G = ~o - Yb 

: 2nU(qc - qb ) and 

2 2 2 : v/2 
S = (Ug b - Cgc)/C p P 

= 2nu2(qc - qb) (qc + qb - 1)/Cp 2 " 

Subs t i t u t i ng  t h e s e  in equa t i on  ( 6 ) ,  

~fi : 2U(qc +qb-l) v~(+ 2u(q -qb ) 2 

2 u 2 ( q c - q b ) ( q c + q b - 1 )  ~  

[ ' l' f,1 + CP a~ + 2 2 

2u2(qc  - qb)  (qc  + qb 1) ~ "  L ~ ] 
C7) 

2 Q: Cp - 

Then 

2 : Q 2  

It i s  shown  b e l o w  tha t  both  c o v a r i a n c e s  (~1~ and 

c~ a r e  z e r o .  Subs t i t u t i ng  e q u a t i o n s  (4)  and (5)  into 

(3) we o b t a i n  

X and G can  be  e s t i m a t e d  in t e r m s  of  t he  p o p u l a -  

t ion  m e a n s  f o r  g e n e r a t i o n s  0, b and c .  In g e n r a l  

P=Y+e, 

- -  D 

w h e r e  P is  the  p o p u l a t i o n ' s  pheno typ i c  m e a n ,  Y i s  

the  t r u e  popu l a t i on  g e n o t y p i c  m e a n  and e i s  t h e  d e v i a -  

t ion  of  P f r o m  Y.  A l s o  

E (P-) = Y = ~ + 
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b e c a u s e  E ( e )  = O. It f o l l o w s  t h a t  

E(P-b) : ~ + Yb 

E ( % )  = ~ + "YC a n d  

E(P0) : ~ + Y0 ' 

where Y0 = n(2q0 - l)u = 0, since q0 = I/2. 

Therefore, E(P b + Pc - 2P-0) = Yb + Yc = X 

and E(~ c - P-b ) = yc - ya = G, so X and G can be 

estimated as : 

~[=P'b+Pc- 2/~ and 

G =Pc -Pb" 

If  there are no covariances among P0' Pb and Pc 

2 : V(P 'b )  V ( ~ o )  + 4V(P-0)  ( 8 )  (Y~ + , 

r ~ = V(P-b) + V(~ c) and (9) 

= - v ( g  b) , (1o1 

w h e n  b / 0 .  In t h e  s p e c i a l  c a s e  w h e r e  b = 0,  

)(= C =pc - P o  and 

C o n s i d e r  n o w  t h e  v a r i a n c e  of  t h e  e s t i m a t e  of  

S = R b - R c .  The s t a n d a r d  p r o c e d u r e  f o r  e s t i m a t i n g  

r e a l i z e d  h e r i t a b i l i t y  i s  to  d i v i d e  a n d  e s t i m a t e  of  g e -  

n e t i c  r e s p o n s e  to s e l e c t i o n  by  t h e  t o t a l  s e l e c t i o n  d i f -  

f e r e n t i a l  e m p l o y e d  in a c h i e v i n g  t h e  r e s p o n s e .  The  two 

way s e l e c t i o n  p r o g r a m  f o r  t h e  e s t i m a t i o n  of  t h e  a d d i -  

t i v e  g e n e t i c  v a r i a n c e s  a t  g e n e r a t i o n s  b a n d  c i s  m o r e  

p r a c t i c a l  t h a n  t h e  o n e  way p r o g r a m  f o r  two r e a s o n s .  

F i r s t ,  m o r e  s e l e c t i o n  c a n  b e  a c c o m p l i s h e d  in  a g i v e n  

p e r i o d  of  t i m e .  S e c o n d ,  t h e  p o p u l a t i o n s  a r e  c o m p a r e d  

to  o b t a i n  t he  r e q u i r e d  e s t i m a t e  of  g e n e t i c  r e s p o n s e ,  

b e c o m e  a v a i l a b l e  a t  t h e  s a m e  t i m e  and  c a n  b e  c o m -  

p a r e d  in  t h e  s a m e  m a c r o - e n v i r o n m e n t  ( C o m s t o c k  a n d  

Mol l  1 9 6 3 ) .  The  a d v a n t a g e  i s  t h a t  m a c r o - e n v i r o n m e n t  

e f f e c t s  a r e  t h e r e b y  e l i m i n a t e d  a s  a s o u r c e  o f  e r r o r  in  

t h e  e s t i m a t e  of  g e n e t i c  r e s p o n s e .  Le t  u s  a s s u m e  t h a t ,  

s t a r t i n g  f r o m  g e n e r a t i o n  c ,  t w o - w a y  s e l e c t i o n  i s  p r a c -  

t i c e d  f o r  two g e n e r a t i o n s .  Le t  

PCh 

a n d  P 1  

T h e n  P c h  

H e n c e  

= t h e  o b s e r v e d  p h e n o t y p i c  m e a n  of  t h e  p o p u -  

l a t i o n  r e s u l t i n g  f r o m  the  two g e n e r a t i o n s  

of  s e l e c t i o n  f o r  h i g h  p e r f o r m a n c e ,  

= t h e  o b s e r v e d  p h e n o t y p i c  m e a n  of  t he  p o p u -  

l a t i o n  r e s u l t i n g  f r o m  two g e n e r a t i o n s  of  

s e l e c t i o n  f o r  low p e r f o r m a n c e .  

- P 1  e s t i m a t e s  t h e  t o t a l  g e n e t i c  r e s p o n s e .  

- Y  c: = Ych - Ycl + ech - e c l '  (12) 

w h e r e  Ych i s  t he  c o d e d  g e n o t y p i c  m e a n  f o r  t h e  s e c -  

ond  ( f i n a l )  s e t  of  s e l e c t e d  p a r e n t s  in  t h e  p o p u l a t i o n  

s e l e c t e d  f o r  h i g h  p e r f o r m a n c e  a n d  Ycl i s  t h e  m e a n  

of  p a r e n t s  s e l e c t e d  f o r  l ow  p e r f o r m a n c e .  

The  f o l l o w i n g  s u b d i v i s i o n  of  Ych - Ycl wil l  b e  u s e -  

ful : 

Ych2 - Yc I2  = H2 + H I  - LI  - L2, 

w h e r e  H1 = Ych l  - Yc '  L2 = Yc12 - Y c l l '  e t c .  B e -  

c a u s e  no  c o v a r i a n c e s  a r e  to  b e  e x p r e c t e d  a m o n g  H2,  

H1,  L1 a n d  L2,  t h e  v a r i a n c e  of  Ych2 - Y c l 2  i s  

V ( H 2 )  + V ( H 1 )  + V ( L 1 )  + V ( L 2 )  . 

The  v a r i a n c e s  of  s i n g l e  g e n e r a t i o n  r e s p o n s e s  [ V ( H 1 ) ,  

V ( L 1 ) ,  e t c .  ] a r o u n d  t h e i r  e x p r e c t e d  v a l u e s  a r e  due  

to d e v i a t i o n s  of g e n o t y p i c  v a l u e s  f r o m  r e g r e s s i o n  o n  

p h e n o t y p e  in  t h e  s e l e c t e d  t r a i t .  G i v e n  o n l y  a d d i t i v e  

g e n e  e f f e c t s  ( t h e  s i t u a t i o n  b e i n g  c o n s i d e r e d )  

2 2 2 o.2(1 _ h 2) 
~ y . p =  O y -  P = g \ = p  / 

w h e r e  h 2 i s  h e r i t a b i l i t y  of  t h e  s e l e c t e d  t r a i t  a n d  b e -  

c a u s e  o = 2 = o2 .  It  f o l l o w s  t h a t  t h e  v a r i a n c e  
YP Y g 

a r o u n d  t he  e x p e c t a t i o n  f o r  t h e  a v e r a g e  o f  N s e l e c t e d  

i n d i v i d u a l s  wi l l  b e  

~ ( 1  - h 2 ) / N  . 

H o w e v e r ,  g i v e n  m i n d i v i d u a l s  s e l e c t e d  to  b e  m a l e  

p a r e n t s  a n d  f s e l e c t e d  to be  f e m a l e  p a r e n t s ,  t h e  v a r -  

i a n c e  of  t he  e f f e c t i v e  m e a n  d e v i a t i o n  wi l l  b e  

1 [ ~  h2) ~ - h2) ] h) 2 
| g ~ m + f  ( 1  - �9 

-4 [ m + f ] -- g 
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For two generations of two way selection 

V(Yc h - Ycl ) : 4 a 2 ( 1  - h2)/N g 

if numbers selected are the same in both populations 
2 

in both generations and the change in q between 
g 

generations is assumed to be trivial. In general, 

given x generations of two way selection 

V(Yc h - Ycl ) = 2 x o 2 ( 1  - h 2 ) / N  , ( 13 )  

w h e r e  N = 4 m f / ( m  + f)  w h e n  s e l e c t e d  m a l e  p a r e n t s  

a r e  d i s t i n c t  f r o m  s e l e c t e d  f e m a l e  p a r e n t s .  The  n u m -  

b e r  of  g e n e r a t i o n s  ( x )  s h o u l d  b e  s m a l l  e n o u g h  so  t h e  
2 

a s s u m p t i o n  t h a t  c h a n g e s  in  o wi l l  b e  t r i v i a l  i s  j u s -  
g 

t i f f e d .  

The  q u a n t i t y  s y m b o l i z e d  a s  " e "  in  e q u a t i o n  ( 1 2 )  

h a s  b o t h  a g e n e t i c  a n d  a n o n g e n e t i c  c o m p o n e n t .  H o w -  

e v e r ,  i f  we a s s u m e  t h a t  e a c h  p a r e n t  h a s  t h e  s a m e  

n u m b e r  of  o f f s p r i n g  a s  e v e r y  o t h e r  p a r e n t  of t h e  s a m e  

s e x  

B w (14) 
V(e) : y + f . k  ' 

w h e r e  w i s  t h e  t o t a l  v a r i a n c e  a m o n g  i n d i v i d u a l s  w i t h -  

in  f u l l - s i b  f a m i l i e s ,  B i s  t h e  non  g e n e t i c  v a r i a n c e  

a m o n g  f u l l - s i b  f a m i l i e s ,  f i s  n u m b e r  of  f e m a l e  p a r -  

e n t s  a n d  k i s  n u m b e r  of  o f f p s i n g  p e r  f e m a l e  p a r e n t .  

The  t o t a l  v a r i a n c e  of t h e  e s t i m a t e  of  g e n e t i c  r e s p o n s e  

i s  o b t a i n e d  by  c o m b i n i n g  ( 1 3 )  a n d  ( 1 4 )  

V ( P c h  - ~ c l  ) = N + 2 + ~-~ . ( 1 5 )  

T h e n  s i n c e  S = R b -  R c w h e r e  R c = ( R c h - _ _ ~ l ) / D c  

a n d  D i s  t h e  t o t a l  of t h e  s e l e c t i o n  d i f f e r e n t i a l s  in  
c 

t h e  two way s e l e c t i o n  

o[: ~'~ gb+ T B + 
D b 

+ ~-~ - ~ + r B + . (161 
c 

Here N, x, f and k are assumed equal in the two way 

selection initiated in generations b and c. 

The most natural source of an estimate of 

Q(Q = o 2) is from data two-way selection proposed 

as the source of realized heritability estimates. As- 

suming a normal distribution, the sampling variance 

of t h e  e s t i m a t e  of  a v a r i a n c e  i s  ( F i s h e r  1958)  t w i c e  

t h e  s q u a r e  of  t h e  v a r i a n c e  d i v i d e d  by  t h e  n u m b e r  of  

d e g r e e s  of  f r e e d o m  f o r  t h e  e s t i m a t e .  

H e n c e ,  i f  a l l  d a t a  f r o m  t h e  t w o - w a y  s e l e c t i o n  p r o -  

grams were combined 

2 2o 4 o 4 

~Q s 4x(fk[ 1) a P 2xfk " 

Not  a l l  d e g r e e s  of  f r e e d o m  h a v e  m e a n i n g  f o r  t h e  

c o m p o n e n t s  of  t o t a l  v a r i a n c e  d e r i v e d  f r o m  g e n e t i c  

v a r i a n c e  a m o n g  p a r e n t s  o r  f r o m  f a m i l y  e n v i r o n m e n -  

t a l  e f f e c t s .  H o w e v e r ,  s i n c e  t h e  w i t h i n  f a m i l y  c o m p o -  

n e n t  wi l l  o r d i n a r i l y  b e  t h e  m a j o r  p r o t i o n  of  t h e  v a r i -  

a n c e ,  (16) is considered a satisfactory approxima- 

tion. 

Data from which )~ and ~ are computed are dis- 

tinct from the data used to compute S and 6, oi~ = 

zero. Though the data from which ~ is computed is 

part of that used for S, there is no covariance c~, 

because S is a function of phenotypic means and 

is pooled variance within groups. 

Consideration of equations (7), (8), (9), (I0) 

and (11) indicates that a final expression for a 2 will 
n 

be different for the case when b / 0 than for the case 

when b = 0. At the same time it is clear from equa- 

tion (7) that the size of (qe - qb ) has a major effect 
#-i 

the variance of the eoefficients of and on 

are inversely proportional to the square of (qe - qb )" 

Given any fixed number of generations in the primary 

selection program, (qc - qb ) will be a maximum 

when b = 0. For these reasons attention will be fo- 

cused on the b = 0 case. Using equations (11), (16) 

and (17) to make substitutions in (7) and remember- 

ing that qb = I/2 when b = 0, we obtain 

~ u(q ~)  

i 2 ] i 2 2  ,-h2  21 c~p 2x (l-h 0)cg 0 + c go 

+ 1 2 ~ D 2 
2 u 2 ( q c  - 2 ) D0 2 c 

I 2 ]21 ] Op 2 + W0/k B + Wc/k 
+ 1 2 T 2 + D 2 

2u2(qe- ~) DO c 

2 
n 

+ 2 x t k "  (is) 
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Assuming the total selection differential is the same 

in the two-way selection programs conducted for es- 

timation of R b and Rc, then 

= = 2xi~ D O 2XiVp0 and D c pc  ' 

w h e r e  i i s  t he  a v e r a g e  s e l e c t i o n  d i f f e r e n t i a l  ( in  

s t a n d a r d  d e v i a t i o n s )  p e r  popu l a t i on  p e r  g e n e r a t i o n .  

Now (18)  can  be  r e w r i t t e n  as  f o l l o w s :  

2 ~^ = I + II + III  + I V  , ( 1 9 )  
n 

where 

, ( q  - ~) 

I I =  2 P 1 ) 2  
2u ( q c -  "2 

Ev(  o) + V( o)2, 

1 2 2 
[ ( 1 - h 0 ) h 0  + (1-h2)h 2 ] 

c o '  

i 2]2 i 1 B + W0/k 
III = 2 P 1 ) 2  2 + 

2u ( q c -  : 2fx2i2 ~  

I pc ] 

and 

2 
n IV= ~ . 

This subdivision of c 2 is made bacause evaluation of 
n 

2 
the components of ~fi may provide a basis for reduc- 

duction of 2 by changes in experimental design. 

A portion of the parameters assumed as the basis 

for evaluation of a 2 will be components of the pheno- 
n 

typic variance among individuals in the base popula- 

tion (generation zero). Let 

2 ap = M + F + W , (20) 

w h e r e  F is  t he  v a r i a n c e  a m o n g  i n d i v i d u a l s  due to 

d i f f e r e n t  f e m a l e  p a r e n t s ,  M i s  the  g e n e t i c  v a r i a n c e  

due  to d i f f e r e n t  m a l e  p a r e n t s ,  and W i s  the  v a r i a n c e  

a m o n g  f u l l - s i b s .  F can  be  s u b d i v i d e d  in to  a n o n g e n e t -  

ic  p o r t i o n  ( d e f i n e d  e a r l i e r  a s  B )  and a p o r t i o n  due to 

g e n t i c  v a r i a t i o n  a m o n g  f e m a l e  p a r e n t s .  W can  a l s o  be  

divided into genetic and nongenetic portions. Given on- 

ly additive gene effects, the assumption being made, 

M = 1/4cx 2, the genetic portion of F is equal to M 

and the genetic portion of W is equal to 2M. Thus, for 

this case 

2 c~ = 4M + B  + E  , (21)  
P 

where E is the nongenetic portion of W, and 

h 2 = 4M/~ 2 . (22)  
P 

From equation (20) it is apparent that if a population 

consists of the individuals, k in each of f full-sib 

families with f/m families sired by each of m male 

parents, 

v(~-) M F W 
m T N 

(23) 

qc will depend on parameters n, the number of 

segregating genes, and c, the number of generations 

of selection in the selection phase. The expected 

change of gene frequency from one generation to the 

next can be approximated as follows (Falconer 1960): 

E(Aq)  = - ~ q ( 1  - q ) u  . 

P 

Since E(Aq) is the expected change per generation, 

we have 

dqdt D q(1  - q ) u  

P 

The solution of this differential equation is 

qc c 

=--~U dt, 
O 

q0 p 0 

where q0 and qc are frequencies at generation 0 and 

c, respectively. Assuming 

q0 = 1/2, we obtain 

qc  Duc (24)  In - 2 
1 - q c  

P 
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a n d  t h a t  t he  e x p e c t e d  g e n e  f r e q u e n c y  a t  g e n e r a t i o n  c 

i s  

Z 

e (25) 
q c  = Z ' 

l + e  

D u o  
w h e r e  z -  

2 " 
O 

P 
In t h i s  i n s t a n c e  D = Iv i s  t h e  s e l e c t i o n  d i f f e r e n -  

P Iuc  
t i a l  p e r  g e n e r a t i o n  a n d  z = ~ . G i v e n  t h e  m a g n i t u d e  

C 

e v a l u a t e d  p ~-2~ 2 of ~g02 o r  MO, u c a n  b e  a s  u = o / n  , 

because ag 02 = 2q(1-qo ) u2n = u2n/2, when qo = 1/2, 

and gene effects are additive and all have the same 

u v a l u e .  

Q u a n t i t a t i v e  E v a l u a t i o n s  

E q u a t i o n s  ( 1 9 )  t h r o u g h  (25 )  c a n  b e  e m p l o y e d  to o b -  

t a i n  q u a n t i t a t i v e  i n f o r m a t i o n  c o n c e r n i n g  2 R e s u l t s  
n 

a r e  s h o w n  in  T a b l e  1 f o r  t h e  f o l l o w i n g  s e t  of  p a r a m e -  

t e r s :  

I ( s e l e c t i o n  d i f f e r e n t i a l  in  s t a n d a r d  u n i t s  in  t h e  
p r i m a r y  s e l e c t i o n  p r o g r a m )  = 1 . 2 ;  

i ( s e l e c t i o n  d i f f e r e n t i a l  i n  s t a n d a r d  u n i t s  in  t h e  t w o -  
way s e l e c t i o n  p r o g r a m )  = 2 . 0 ;  

M = 5, D = 15, B = 10, W = 80 ,  h 2 = 0 . 2  o r  

M = 10, D = 20, B = 10, W = 70,  h 2 = 0 . 4 ;  

f ( n u m b e r  of  f e m a l e  p a r e n t s  in  t h e  t w o - w a y  s e l e c -  
t i on  p r o g r a m s )  = 4 m  ( w h e r e  m i s  t h e  n u m b e r  of  
s i r e s  ) ; 

k ( n u m b e r  of  o f f s p r i n g  p e r  d a m  in  t h e  t w o - w a y  s e -  
l e c t i o n  p r o g r a m s )  = 10;  

x ( n u m b e r  of  g e n e r a t i o n s  in  t h e  t w o - w a y  s e l e c t i o n  
p r o g r a m s )  = 1, 2, 3, 4;  

n ( n u m b e r  of  s e g r e g a t i n g  g e n e s )  = 10, 50, 200;  

a n d  c ( n u m b e r  of g e n e r a t i o n  in t h e  p r i m a r y  s e l e c -  
t i on  p r o g r a m )  = 5, 10,  20.  

V a l u e s  of  f a n d  k w e r e  t a k e n  to b e  t h e  s a m e  in  g e n -  

e r a t i o n s  0 a n d  c of  t h e  p r i m a r y  s e l e c t i o n  p r o g r a m  

a n d  in  t h e  t w o - w a y  s e l e c t i o n  p r o g r a m s ,  bu t  t h e y  

T a b l e  1. V a r i a n c e  of  t h e  g e n e  n u m b e r  e s t i m a t e  (o n)  a n d  t h e  n u m b e r  of  s i r e s  ( m )  r e q u i r e d  to e s t i m a t e  g e n e  
n u m b e r  ( n )  a t  v a r i o u s  l e v e l s  of  c o e f f i c i e n t  v a r i a t i o n  ( ~ - ~ n )  w i th  g i v e n  h e r i t a b i l i t y  (h  2) a n d  n u m b e r  of  g e n e r -  
a t i o n s  in  t h e  p r i m a r y  ( e )  a n d  two way ( x )  s e l e c t i o n  p r o g r a m  

n = 10 n = 50 n = 200 

W W m to make K/n = m to make fi/n = m to make K/n = 

2 2 2 
m-(~^ m - o ^  m - o f f  . c x n 0 . 1  0 . 2  0 . 4  n 0 . 1  0 . 2  0 . 4  0 . 1  0 . 2  0 4 

h 2 : 0 . 4  

5 1 95 95 24 6 2 5 , 9 9 7  1 , 0 4 0  260 65 5 , 8 0 6 , 3 0 5  1 4 , 5 1 6  3 , 6 2 9  
2 57 57 14 4 1 0 , 9 4 4  438 109 27 2 , 3 8 3 , 6 7 2  5 , 9 5 9  1 , 4 9 0  
3 46 46 12 3 6 , 9 7 4  279 70 17 1 , 4 7 6 , 7 4 9  3 , 6 8 9  922 
4 42 42 11 3 5 , 1 8 7  207 52 13 1 , 0 6 5 , 4 6 7  2 , 6 6 4  666 

10 1 28 28 7 2 2 , 2 6 9  91 23 6 4 0 7 , 5 7 0  1 , 0 1 9  255 
2 19 19 5 1 1 , 0 8 8  44 11 3 1 6 7 , 2 4 0  418 105 
3 16 16 4 1 733 29 7 2 1 0 3 , 9 1 6  260 65 
4 15 15 4 1 575 23 6 1 7 5 , 4 0 0  189 47 

20 1 23 23 6 1 612 24 6 2 3 6 , 9 1 8  92 23 
2 16 16 4 1 343 14 3 1 1 5 , 2 8 1  38 10 
3 15 15 4 1 274 11 3 1 9 , 6 3 9  24 6 
4 14 14 4 1 246 10 2 1 7 , 1 1 2  18 4 

h 2 = 0 . 2  

5 1 703 703 176 44 3 1 9 , 6 8 9  1 2 , 7 8 8  3 , 1 9 7  799 7 3 , 4 5 3 , 0 2 0  1 8 1 , 6 3 3  4 5 , 9 0 8  
2 306 306 77 19 1 2 3 , 2 1 0  4 , 9 2 8  1 , 2 3 2  308 2 8 , 0 1 4 , 2 9 8  7 0 , 0 3 6  1 7 , 5 0 9  
3 209 209 52 13 7 4 , 0 6 7  2 , 9 6 3  741 185 1 6 , 7 4 5 , 4 7 3  4 1 , 8 6 4  1 0 , 4 6 6  
4 167 167 42 10 5 2 , 5 6 1  2 , 1 0 2  526 131 1 1 , 8 3 8 , 0 7 7  2 9 , 5 9 5  7 , 3 9 9  

10 1 117 117 29 7 2 4 , 3 4 5  974 243 61 4 , 8 1 2 , 3 8 8  1 2 , 0 3 1  3 , 0 0 8  
2 57 57 14 4 9 , 2 5 3  370 93 23 1 , 8 3 8 , 2 3 3  4 , 5 9 6  1 , 1 4 9  
3 43 43 11 3 5 , 5 3 8  222 55 14 1 , 0 0 0 , 6 2 2  2 , 7 5 2  688 
4 37 37 9 2 3 , 9 2 8  157 39 10 7 7 9 , 3 9 8  1 , 9 4 8  487 

20 1 51 51 13 3 3 , 0 4 6  122 30 8 3 8 5 , 4 2 8  964 241 
2 29 29 7 2 1 , 1 1 9  45 11 3 1 4 7 , 3 3 9  368 92 
3 21 21 5 1 663 27 7 2 8 8 , 5 0 7  221 55 
4 19 19 5 1 469 19 5 1 6 2 , 9 4 1  157 39 

907 
372 
230 
166 

64 
26 
16 
12 

6 
2 
2 
1 

1 1 , 4 7 7  
4 , 3 7 7  
2 , 6 1 6  
1 , 8 5 0  

752 
287 
172 
122 

6O 
23 
14 
10 



160 T h e o r .  A p p l .  G e n e t .  50 ( 1 9 7 7 )  

T a b l e  2.  C o e f f i c i e n t  of  v a r i a t i o n  of  t h e  g e n e  n u m b e r  
e s t i m a t e  w h e n  t h e  n u m b e r  of  s i r e s  ( m )  i s  50 wi th  
g i v e n  l e v e l s  of  h e r i t a b i l i t y  (h  ~ ) a n d  g e n e r a t i o n  n u m -  
b e r  in  t h e  p r i m a r y  ( c )  a n d  two way ( x )  s e l e c t i o n  
p r o g r a m  

h 2 = 0 . 4  h 2 = 0 . 2  

c x n = 1 0  n = 5 0  n = 2 0 0  n = l O  n = 5 0  n = 2 0 0  

10 2 0 . 0 6 2  0 . 0 9 3  0 . 2 8 9  0 . 1 0 7  0 . 2 7 2  0 . 9 6  
3 0 . 0 5 6  0 . 0 7 6  0 . 2 2 8  0 . 0 9 3  0 . 2 1 0  0 . 7 1  
4 0 . 0 5 5  0 . 0 6 8  0 . 1 9 4  0 . 0 8 6  0 . 1 7 7  0 . 6 2  

20 2 0 . 0 5 6  0 . 0 5 2  0 . 0 8 7  0 . 0 7 6  0 . 0 9 5  0 . 2 7  
3 0 . 0 5 5  0 . 0 4 7  0 . 0 6 9  0 . 0 6 5  0 . 0 7 3  0 . 2 1  
4 0 . 0 5 3  0 . 0 4 4  0 . 0 6 0  0 . 0 6 2  0 . 0 6 1  0 . 1 8  

c o u l d  b e  d i f f e r e n t .  The  n u m b e r  of  m a l e  p a r e n t s  ( m )  

p e r  g e n e r a t i o n  w as  no t  s p e c i f i e d  a n d  r e s u l t s  a r e  p r e -  

s e n t e d  in  t e r m s  of  m .  

T a b l e  2 s h o w s  t h e  c o e f f i c i e n t  of  v a r i a t i o n  o f  6 w h e n  

m ,  t h e  n u m b e r  of  s i r e s ,  i s  50 f o r  a l l  c o m b i n a t i o n s  

of  o =  10, 20 ;  x =  2, 3, 4;  h 2 =  0 . 4 ,  0 . 2 a n d  n =  10, 

50, 200 .  

Let  m = 50, x = 3 a n d  c = 20 .  T a b l e  2 s h o w s  t h e  

c o e f f i c i e n t s  of  v a r i a t i o n  a r e  d i f f e r e n t ,  d e p e n d g i n g  on  

h e r i t a b i l i t y  a n d  g e n e  n u m b e r .  U s i n g  t h e  c o e f f i c i e n t s  

of  v a r i a t i o n  in  T a b l e  2 a n d  a s s u m i n g  a n o r m a l  d i s t r i -  

b u t i o n  f o r  ~ a n d  no b i a s  in  t h e  e s t i m a t e s ,  t h e  f o l l o w -  

ing  p r o b a b i l i t y ' s t a t e m e n t s  c a n  b e  m a d e .  If  t h e  g e n e  

n u m b e r  ( n )  i s  10 a n d  h 2 = 0 . 4 ,  p r o b a b i l i t i e s  of  t h e  

e s t i m a t e  wil l  b e  

P ( 8 . 9 < ~ < 1 1 . 1 )  = 0 . 9 5  a n d  

P ( ~  > 1 1 . 7 )  = 0 . 0 0 1 .  

W h e n  h 2 = O. 2 

P ( 8 . 7 < ~ <  1 1 . 3 )  = 0 . 9 5  a n d  

P ( ~  > 1 2 . 0 )  = 0 . 0 0 1 .  

If  n = 50 a n d  h 2 = 0 . 4  

P ( 4 5 . 5 < f i < 5 4 . 5 )  = 0 . 9 5 ,  

P ( f i  > 5 7 . 3 )  = 0 . 0 0 1  a n d  

P ( f i  < 4 2 . 7 )  = 0 . 0 0 1 .  

I f  h 2 = O. 2 

P ( 4 2 . 8  < ~ <  5 7 . 2 )  = 0 . 9 5 ,  

P ( f i > 6 1 . 3 )  = 0 . 0 0 1  a n d  

P ( f i  < 3 8 . 7 )  = 0 . 0 0 1 .  

If n = 200 a n d  h 2 = 0 . 4  

P ( 1 7 3 . 0  < fi < 2 2 7 . 0 )  = 0 . 9 5  a n d  

P ( 6 < 1 5 7 . 4 )  = 0 . 0 0 1 .  

If  h 2 = 0 . 2  

P ( 1 1 7 . 7  < 6 < 2 8 2 . 3 )  = 0 . 9 5  a n d  

P ( f i < 7 0 . 2 )  = 0 . 0 0 1 .  

T h e s e  p r o b a b i l i t i e s  t o g e t h e r  w i th  T a b l e s  1 a n d  2 

i n d i c a t e  t h a t  e s t i m a t e s  a r e  c o n s i d e r a b l y  m o r e  r e l i -  

a b l e  w h e n  h e r i t a b i l i t y  i s  a t  l e a s t  O. 4 t h a n  w h e n  i t  i s  

l ow  (h  2 = O. 2 ) .  The  e f f e c t  of  h e r i t a b i l i t y  on  s a m p l i n g  

v a r i a n c e  i s  p a r t i c u l a r l y  i m p o r t a n t  w h e n  t h e  g e n e  n u m -  

b e r  i s  l a r g e .  The  p r o b a b i l i t y  s t a t e m e n t s  i n d i c a t e  t h a t  

w h e n  e s t i m a t e s  a r e  o b t a i n e d  f r o m  a r e l a t i v e l y  l a r g e  

e x p e r i m e n t  c o n d u c t e d  t h r o u g h  a r e a s o n a b l e  t i m e  

s p a n ,  s a m p l i n g  e r r o r s  wou ld  not  p r e v e n t  d i s t i n g u i s h -  

ing  a m o n g  s m a l l  ( i n  t h e  r e g i o n  of  1 0 ) ,  i n t e r m e d i a t e  

( i n  t h e  r e g i o n  of  50) o r  l a r g e  (200  o r  m o r e )  n u m -  

b e r s  of  g e n e s .  

G e n e r a l l y  t he  m o s t  e f f e c t i v e  way of  d e c r e a s i n g  

t h e  v a r i a n c e  of  g e n e  n u m b e r  e s t i m a t e s  i s  to i n c r e a s e  

t h e  n u m b e r  of  g e n e r a t i o n s  ( c )  in  p r i m a r y  s e l e c t i o n ,  

s i n c e  t e r m s  II a n d  III of  t he  v a r i a n c e  of  6 a r e  d e -  

c r e a s e d  in p r o p o r t i o n  to t he  f o u r t h  p o w e r  of  t h e  

c h a n g e  of  g e n e  f r e q u e n c y .  I n c r e a s i n g  t h e  n u m b e r  of  

g e n e r a t i o n s  (x )  in  t h e  t w o - w a y  s e l e c t i o n  p r o g r a m  

would  h a v e  s i m i l a r  e f f e c t s  s i n c e  t e r m  III i s  d e -  

c r e a s e d  in p r o p o r t i o n  to x 2 a n d  t e r m  II in  p r o p o r -  

t i o n  to  x .  H o w e v e r ,  t w o - w a y  s e l e c t i o n  s h o u l d  not  b e  

c o n t i n u e d  b e y o n d  t he  g e n e r a t i o n s  of  l i n e a r  r e s p o n s e s .  

T a b l e  1 s h o w s  g a i n s  a r e  s m a l l  f r o m  i n c r e a s i n g  x b e -  

y o n d  f o u r .  T a b l e  1 i n d i c a t e s  a l l  p o r t i o n s  of  t h e  v a r i -  

a n c e  6 a r e  i n v e r s l e y  p r o p o r t i o n a l  to  t h e  n u m b e r  of  

s i r e s  a n d  t h e r e f o r e  to p o p u l a t i o n  s i z e .  T e r m  II d e -  

c r e a s e s  w i th  i n c r e a s e d  n u m b e r  of  s i r e s  in  t h e  t w o -  

way s e l e c t i o n  p h a s e  a n d  t h e  o t h e r s  v a r y  i n v e r s e l y  

w i th  s i r e  n u m b e r  in  p r i m a r y  s e l e c t i o n .  

If  h e r i t a b i l i t y  of  a q u a n t i t a t i v e  c h a r a c t e r  i s  l ow  

a n d  t h e  g e n e  n u m b e r  i s  l a r g e ,  m a n y  g e n e r a t i o n s  of  

p r i m a r y  s e l e c t i o n  a r e  r e q u i r e d  to o b t a i n  a n  e s t i m a t e  

of  g e n e  n u m b e r  w i th  r e a s o n a b l e  p r e c i s i o n .  H o w e v e r ,  

w i t h  t w o - w a y  s e l e c t i o n ,  e s t i m a t e s  of  h e r i t a b i l i t y  V 0 
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can be obtained e a r l y  be fo re  the n u m b e r  of g e n e r a -  

t ions is  c r i t i c a l .  If this  ind ica tes  c o n s i d e r a b l e  r educ-  

t ion in the addi t ive  gene t ic  v a r i a n c e ,  the final  two-  

way s e l e c t i o n  phase  can be in i t ia ted  and the p r o g r a m  

brought  to t e r m i n a t i o n  with s o m e  conf idence  that the 

sampl ing  v a r i a n c e  of the e s t i m a t e  obtained will  be 

r e a s o n a b l e .  On the o the r  hand if l i t t l e  change in ad-  

d i t ive  gene t ic  v a r i a n c e  is  ind ica ted ,  the p r i m a r y  s e -  

l ec t ion  phase  should be cont inued o v e r  a l onge r  pe r i od .  
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